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Abstract— This paper proposes a nonlinear adaptive decoder
for somatosensory micro-stimulation based on the kernel least
mean square (KLMS) algorithm applied directly on the space
of spike trains. Instead of using a binned representation of spike
trains, we transform the vector of spike times into a function
in reproducing kernel Hilbert space (RKHS), where the inner
product of two spike time vectors is defined by a nonlinear
cross intensity kernel. This representation encapsulates the
statistical description of the point process that generates the
spike trains, and bypasses the tradeoff of dimensionality -
resolution of the binned spike representations. We compare
in synthetic experiment our method with two other methods
based on bin data: GLM and KLMS. The results indicate that
the KLMS based on RKHS for spike train is able to detect the
timing, the shape and the amplitude of the biphasic stimulation
with the best accuracy.

I. INTRODUCTION

The rapid advance of micro-electrode arrays and electro-
physiological recording techniques is promoting the simulta-
neous stimulation and recording of the spatiotemporal activi-
ties of hundreds of neurons. This opens up new opportunities
to precisely predict stimulus or reconstruct movement by
observing and modeling neural responses at the single neuron
or population level. Quantifying the information contained in
neural spike trains is conventionally called neural decoding,
and it is a fundamental first step to design neural prosthetics
and brain machine interfaces.

In order to effectively apply machine learning algorithms
to neural decoding, a significant step is to define an appropri-
ate input space for the decoder. A variety of machine learning
techniques have been applied on the discrete representations
of spike train (binned data), such as statistical methods [1],
[2], kernel-based methods [3] etc. However, binned spike
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train representations impair the decoder effectiveness. Specif-
ically, with a large bin size, a decoder will fail to reconstruct
the stimuli or movement with the required time resolution.
For example, the time resolution of the micro-stimulation
signal is small (0.2ms), which requires a small bin size (less
than the width of the stimulus pluses). With such small bin
size, the input space becomes really sparse and dimensional-
ity of the input space also becomes a problem. Alternatively,
the vector of the spike times may be a more effective and
accurate representation of spike trains. However, traditional
machine learning algorithms cannot be directly implemented
on the vector of spike times because it exists in a space that
has no natural metric [4]. However it is still possible to define
in the spike train space positive definite functions [4].

Based on the mathematical theory of reproducing kernel
Hilbert space (RKHS), a suitable inner product between two
spike trains such as the nonlinear cross intensity kernel,
implicitly transforms a spike train into a continuous time
function in the RKHS and opens up the possibility of apply-
ing any kernel-based machine learning algorithms directly
on the spike time space.

Another challenge of neural decoding is the complexity
and noise inherent in the spike train structure due to the
organization of the neural circuits and the functional links
between the neural assemblies and stimuli or movement [5].
It is essential that the decoder is capable of adaptively
learn from the new data to track perturbations. Therefore,
this paper proposes a nonlinear adaptive decoder with the
KLMS algorithm [6] applied directly on the spike time input
space, which obtains adaptive nonlinear regression with the
linear sample-by-sample adaption algorithm in the RKHS
without converging to local minima, and can effectively track
perturbations.

In this paper, this adaptive KLMS-based decoder of spike
train is applied to reconstruct continuous micro-stimulation
on both synthetic and real data recorded from rat somatosen-
sory cortex. Compared with two other methods with bin
data: KLMS and Generalized Linear Model (GLM) [1],
KLMS with spike kernel has the best performance for stimuli
reconstruction.

II. REPRODUCING KERNEL HILBERT SPACE (RKHS)
FOR SPIKE TRAIN

The kernel-based machine learning neural decoders are
developed by defining a positive definite function in the spike
train space that captures the probability law underlying the



point process that generate the spike trains. Since a positive
definite function also defines an inner product space the
method also exploits the mathematical theory of reproducing
kernel Hilbert space (RKHS). The inner product induces a
nonlinear mapping on the space of the functional represen-
tation of spike trains.

A. Functional representation of spike trains

Spike trains are a representation of neural activity, which
neglect the stereotypical shape of an action potential, but
preserves only the time instants at which they occur (i.e.,
spike times) [7]. A spike train s is a sequence of ordered
spike times i.e s = {tn ∈ T : n = 1, . . . , N}, in the
interval T = [0, T ]. A spike train can be interpreted as a
realization of an underlying stochastic point process [8]. With
the assumption of Poisson process [9], the intensity function
can be estimated from single realization, which transforms
the space of spike trains to the space of integrable continuous
functions with finite number of discontinuities [10]. Accord-
ing to kernel smoothing intensity estimation, a spike train si
comprising of spike times {tim ∈ {m = 1, . . . , Ni}} can be
functionally represented by the estimated intensity function:

λ̂si(t) =

Ni∑
m=1

h(t− tim) (1)

where h is the stereotypical evoked post-synaptic potential.
Here

h(t− tim) = exp

(
− t− tim

τ

)
U(t− tim). (2)

where U(t− tim) represents the Heaviside step function.

B. The inner product of spike trains

The inner product between two spike trains is defined
on the functional representation of spike times [10], which
incorporates the statistics of the point processes directly. One
possible inner product in the space of intensity function is
defined by a nonlinear cross intensity kernel:

κσ(si, sj) = exp

(
−
∥λsi − λsj∥2

σ2

)
(3)

where σ is the kernel size and ∥λsi − λsj∥2 is the distance
between two intensity functions defined by:

∥λsi − λsj∥2 = ⟨λsi − λsj , λsi − λsj ⟩
= ⟨λsi , λsi⟩+ ⟨λsj , λsj ⟩ − 2⟨λsi , λsj ⟩ (4)

where

⟨λsi , λsj ⟩ =
∫
T

λsiλsjdt

=

Ni∑
m

Nj∑
n

(
−τ

2
) exp(−|tin − tjm|

τ
) (5)

Although the kernel is defined in the space of intensity
functions, it is in fact a function of spike time vector and thus
is a kernel function in the space of spike time. This kernel

Fig. 1. Network topology of kernel- least-mean-square algorithm.

defines a RKHS for spike trains and induces a nonlinear
mapping on the space of the intensity functions.

The spike train provides a precise description of neural
firing pattern. However, collecting a single spike train from
a neural systems is less robust and thus the signal structure
has a large variability. Therefore, it is essential to utilize
multichannel spike trains as inputs to enhance the decoder
robustness. The kernel for multi-channel spike trains is
defined here by the product kernel:

κσ(si, sj) =
K∏

k=1

exp

(
−
∥λski

− λskj
∥2

σ2

)
(6)

where ski is the spike train recorded from neuron k in window
i.

III. KERNEL LEAST MEAN SQUARE

In order to quantify the neural system dynamics, we
utilize the kernel least mean square (KLMS) [6] algorithm
to reconstruct the continuous stimulation. KLMS is an
adaptive kernel-based algorithm developed in reproducing
kernel Hilbert space (RKHS). The great appeal of kernel-
based filters in RKHS is the usage of the linear structure
of this space to implement well-established linear adaptive
algorithms and to obtain nonlinear filter in the input space
that leads to universal approximation capabilities without the
problem of local minima.

The basic idea is to transform the data si from the
input space to a high dimensional feature space of feature
vectors Φ(si), where the inner products can be computed
using a positive definite kernel function satisfying Mercer’s
condition [11] : κ(si, sj) = ⟨Φ(si),Φ(sj)⟩. In this paper, the
inner product of spike trains is defined by the nonlinear cross
intensity kernel that induces an infinite dimensional feature
space.

For KLMS, the linear least-mean-square (LMS) algorithm
is directly applied on RKHS with an emphasis on the general
methodology to formulate linear filters and gradient descent
algorithms in terms of inner products defined by the kernel
κ(si, sj). As shown in Figure 1, Φ(si) can be considered as
an infinite dimensional vector. Let Ω be the weight vector
in this space such that the output is y(n) = ⟨Ω(n),Φ(si)⟩,
where Ω(n) is Ω at time n. The LMS in the kernel feature
space using stochastic instantaneous estimate of the gradient



vector, yields

Ω(0) = 0
Ω(n+ 1) = Ω(n) + ηe(i)Φ(si)

Ω(n) = η
n−1∑
i=0

e(i)Φ(si) (7)

where e(i) = d(i)− y(i). Given Ω and the input Φ(si), the
output is given by

y(n) =< Ω(n), ϕ(si) >

= η

n−1∑
i=1

e(i) < ϕ(si), ϕ(sn) >

= η
n−1∑
i=1

e(i)κ(si, sn) (8)

KLMS topology can be regarded as a growing Radial basis
function (RBF) network, which allocates a new unit for
the new sample si as the center and the scaled prediction
error ηe(i) as the output weight coefficient. The coeffi-
cients and the centers are stored in memory during training.
The algorithm is summarized below (Algorithm 1). KLMS
on spike trains obtains adaptive nonlinear regression with
the sample-by-sample adaption linear algorithm in RKHS
without converging to local minima, which enable better
tracking of neural system perturbations. Note further that
this RKHS is very different from the RKHS defined by the
Gaussian kernel used in machine learning, since the kernel
here embodies the statistics of the spike trains captured in
the nonlinear transformation of the intensity function (eq. 6).

Algorithm 1. The kernel least-mean-square algorithm

Initialization

choose step-size parameter η and kernel size σ,

e(1) = d(1), C(1) = s(1), fi = ηe(1)κ(s(1), ·)
Computation

While {s(i),d(i)} available do
% compute the output

yi−1(s(i)) =
∑i−1

j=1 ηe(i− 1)κ(s(i), s(j))
% compute the error

e(i) = d(i)− yi−1(s(i))
% store the new center

C(i− 1) = {C(i− 1), s(i)}
end while

IV. SYNTHETIC EXPERIMENT

A. Neural circuit

In the experiment, the plant is simulated by a neural
Circuit SIMulator (CSIM). The network consists of 10 fully
connected neurons, as shown in Figure 2. All neurons are
modeled as Leaky Integrate-and-Fire (LIF) units [12] with
the following parameters: membrane time constant 30ms,

absolute refractory period 2ms (excitatory neurons), thresh-
old 15mV (for a resting membrane potential assumed to be
0), reset voltage 14.3mV, constant nonspecific background
current 13.5nA, input resistance 1 MΩ and input noise 9nA.
The postsynaptic current is modeled as an exponential decay
exp(−t/τs) with τs = 3ms. All neurons fire at a reasonable
firing rate range (1Hz to 10Hz) in rest state. This neural
circuit has one current input and two output neurons, whose
spike trains are recorded as the observed neural responses.

Fig. 2. The stimulated network of 10 neurons. The spike trains of neuron
o1 and o2 are recorded as the observed neural responses.

B. Stimulation pattern

A periodic current stimulation at the input of the neural cir-
cuit generates the target spike train. The stimulation repeats
every 2s with varying amplitude. In each 2s period, there
are eight biphasic current pulses with different amplitudes
separated by 250ms, as shown in Figure 3.
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Fig. 3. The upper plot shows the desired periodical stimulation within
one periodic. Each stimulus is a biphasic pulse with different amplitude.
The bottom plot shows the corresponding spike train produced at the
output. The red block shows the windowed spike train, which is the
input vector correspond to the stimulation signal label with the red
line.



C. Results

The decoder input is built from spike time vectors, which
is obtained by sliding the window every 2ms (window size: [-
20ms 80ms]) as shown in Figure 3. Here each window also
includes the previous 20ms spike train which contains the
information of the previous stimulation and helps to cancel
the lasting influence of previous stimulus on the current
neural firing pattern. The estimation of kernel size σ is based
on the average pairwise distance ∥λsi − λsj∥ of the training
sample in the RKHS. The learning rate and τ are determined
by the best results after scanning the parameters.

The main goal of decoding is to reconstruct the stimulation
that can produce the neural response indistinguishable from
the desired stimulation. Therefore, the performance evalua-
tion is based on the following two criteria:

1 The normalized mean square error between the recon-
structed stimulation and the desired stimulation.

E2 =
1
N

∑
(d(n)− y(n))2

var(d(n))
(9)

2 The log-likelihood of observing the entire target spike
train elicited by the output stimulation with a Poisson process
assumption [7], which evaluates the similarity between the
target neural response and the elicited neural response of M
output neurons.

L =

M∑
m=1

(∑
n

spmn log λm
n −∆

∑
n

λm
n

)
(10)

where λm
n is the intensity of the Poisson process estimated

by the firing rates of neuron m produced by the output
stimulation, and spm represents the target spike train of
neuron m defined as a vector of spike counts binned at a
brief time resolution ∆ = 1ms and indexed by time n.

The simulation results demonstrate that the spike-based
decoder is able to reconstruct the timing, the shape and the
amplitude pattern of the biphasic stimulation with normalized
mean square error 0.13. Figure 4(b) shows the one-trial out-
put of decoder. In addition, the comparison between the input
spike train raster plot (Figure 4(a)) and the elicited spike train
raster plot (Figure 4(c)) also illustrates the accuracy of the
decoded stimulation producing the spike train similar to that
from the desired stimulation with log-likelihood 5.31× 103.

TABLE I
COMPARISON OF DECODING PERFORMANCE AMONG SPIKE-BASED

KLMS, BINDATA-BASED KLMS AND BINDATA-BASED GLM

Method Normalized-MSE Log-likelihood

Spike-based KLMS 0.13 5.31× 103

Bindata-based KLMS 0.27 4.78× 103

Bindata-GLM 0.35 4.39× 103

We also compare the performance of KLMS with RKHS
for spike train with other two methods based on the discrete
representation of spike trains (binning): GLM [1] with the
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(a) The raster plot of the neural response recorded from two output
neurons, which is produced by the desired stimulation.
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(b) The reconstructed stimulation
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(c) The raster plot of the neural response recorded from two output
neurons, which is produced by the reconstructed stimulation.

Fig. 4. The testing results of the adaptive KLMS decoder in RKHS of the
spike time vectors.

link function f = exp(·) and KLMS [6] with the Gaussian
kernel for bin data. Although all three methods are able to
detect the time of the stimuli, the spike KLMS wins the
best decoding performance with respect to normalized mean
square error of the output stimulation and log-likelihood of
elicited spike trains, as shown in Table 1.

D. Perturbation Tracking

Considering the neural activity dynamics, the decoder
is required to follow the time-varying transfer function.
Therefore, we also investigate the control system ability to
track the perturbation of the neural circuit by looking at the
learning curves, as shown in Figure 5. In order to induce
perturbations in the neural circuit, we change randomly the



synaptic weight and the delay after 50 trials. In order to
obtain a good performance of the decoding of a dynamic
neural system, it is essential to select an appropriate learning
rate that can balance the tradeoff between the tracking
ability and the algorithm generality. Figure 5 illustrates the
learning curves with three different learning rates. With the
large learning rate (e.g. 0.5 ), the decoder converges fast
at the beginning but with poor generality over the trails.
However, the learning curve with a small learning rate
(e.g. 0.01) has less vibrations which indicates the better
generality over trials, but which causes a slow converge. In
contrast, the decoder with learning rate 0.1 shows the best
performance (the smallest mean square error) over all trails.
The learning curve of the plant model decreases fast in the
beginning demonstrating the ability of the decoder to learn
progressively with the arrival of new data. The perturbation
of the neuron circuit induces a fluctuation of the learning
curve. However, the decoder is able to learn this variation
by adaptation and converges to a new state within 5 trials.
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Fig. 5. The learning curves of kernel-least-mean-square (KLMS)
decoder with three different learning rates reproducing kernel Hilbert
space (RKHS) of spike time vector. The vertical dot line shows when
the neural circuit perturbation appears.

V. RAT EXPERIMENT

We apply the proposed method to reconstruct the electrical
micro-stimulation imprinted in ventral posterolateral nucleus
(VPL) of thalamus by decoding the elicited neural response
recorded from somatosensory regions (S1).

A. Experimental data

The neural data used in this analysis was collected from
a single chronically implanted rat with two 16-channel
tungsten micro-wire arrays (Tucker Davis). Neuronal activity
was recorded from arrays in S1 and in ventral posterolateral
nucleus (VPL) of the thalamus using the Plexon multichannel
acquisition processor. Action potentials were detected using
a constant threshold and were sorted by a semi-automated
clustering procedure (SortClient) using the first 3 principal
components of the detected waveforms. Prior to the recording
session, anesthesia was induced by isofluorane followed by
a Nembutal injection and maintained with isofluorane.

Bipolar microstimulation (AM Systems Model 2200 Iso-
lator) was applied to two adjacent electrodes in the thalamic
array. The pulse current amplitude were varied among three
distinct levels (50µA,75µA,100µA), with 140 responses
from each level randomly permuted throughout the record-
ing.

B. Results

We implemented a Multi-Input-Single-Output (MISO )
KLMS decoder on rat data (VPL-S1). Spike trains are a more
precise representation of the firing pattern of a neural circuit
than local field potentials. However, spike trains have a large
variability, therefore, it is essential to utilize multichannel
spike trains to enhance the decoder robustness. However, if
all channels are used as input, the computation cost increase
drastically and the neuron channels that are not associated
with stimuli introduces noise into the decoder. Therefore,
based on the dependence analysis results [13], as shown in
Figure 6, only four channels (10, 11, 12 and 15) that are
the most highly dependent with the desired stimulation are
selected as our input channels.
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Fig. 6. Dependency analysis based on the generalized association
between the spike train and the stimulation over 16 neurons. The stars
represent the dependency value of the surrogate test.

The square wave stimulations are also preprocessed by
passing through a sinc lowpass filter with Hamming window
and a cutoff frequency of 500Hz. Regression is performed
from the four spiking channels to smoothed stimulation
waveform (low pass filtering the current magnitude wave-
form). The input is again the vector of spike times, which is
obtained by sliding the window every 0.1ms (window size:
25ms).

The MISO decoder is able to reconstruct the shape and
amplitude pattern of the desired stimulation with an amount
of variance, as shown in Figure 7. Because of the variability
of the recorded spike trains, the large variance exists in input
space with respect to the same desired stimulation, which in-
duces the output variance of decoder. In addition, the output



variance is increased with decrease the stimulation current
amplitude, since the lower signal-noise-ratio cause the larger
variance of the input when the stimulation amplitude is low.
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Fig. 7. The upper plots show the test results of reconstructing the
micro-stimulation in rat thalamus. The other plots represent input spike
train rasters recoded from 4 channels in somatosensory cortical area
(S1), which are sorted by the first spike time in order to show the spike
train variability.

VI. CONCLUSIONS

The paper proposes a Multiple-Input-Single-Output
(MISO) adaptive decoder to reconstruct the continuous cur-
rent stimulation from the observed neural response from
multiple channels, which applies the kernel least mean square
algorithm on the spike time space based on the definition of
the inner product of the spike time vectors in reproducing
kernel Hilbert space (RKHS). The decoder is applied directly
on the input space of the spike time vector, instead of discrete
representation of the spike time (bin data) that is widely used
in neural signal processing, which bypass the limitations of
bin data, such as time resolution and the sparseness. The

comparison with bindata-based methods: KLMS and GLM
indicate that this decoder is able to reconstruct the micro-
stimulation with the best accuracy and the elicited neural
response from the decoder output is the most similar with
the target spike train. In addition, the adaptation is able to
adjust the decoder to successfully track the perturbation in
neural system.
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